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Starting from a certain simple tractable solution of a system of equa-
tions of the Chaplygin type for the plane motion of a gas, a method is
presented by which other systems of equations of a type containing arbi-
trary constants in their coefficients can be obtained. By selecting the
constants it is possible to obtain good approximations to the equations
of adiabatic gas flow over a wide range of velocity variation., Peres
{1,2] has proposed a similar method.

However, with the transformations employed in [1] and [2 ], important
properties of the initial solutions are not preserved. In our work, after
the application of each Legendre transformation and the generalization of
the functions which generate the coefficients of the system of equations,
the inverse transformation with these generalized functions is applied.
As a result, such important properties of the initial flow as continuity
of the subsonic flow into the supersonic domain and uniformity of the
flow at infinity are preserved. The method is applied to gas flows with
transition through sonic velocity. The Tricomi equation is taken for the
initial equation. A better approximation to real flows is obtained over
the range of relative velocity variation 0.1 < A < 1.2. The calculation
of a family of nozzles is given.

1. Presentation of the method. From the condition of total differ-
entials of the expressions

cos 9P, (7\) dqﬁl ~ gin 9@1 ()\) dq}l == 4oy (1.1)
sin 8P (1) dy + ¢0s 8Q; (A) dY, = dyy
where Pi(h) and Ql(h) are certain given functions of the independent vari-

able A, the following system of equations for the unknown functions
¢1(6. A) and ¢&(9. A) can be derived:
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In canonical form the system (1.2) has the form:
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Formulas (1.4) can be transformed into the form
d(:h 1S, . S~ (ZI)
s = - VK, I, Q==FV K, - da {1.5)
According to the behavior of functions Pl(A) and Ql(A) and their
derivatives, system (1.3) and formulas (1.5) are taken together with
either the upper or lower signs in front of v/ Kl‘
In particular, with
I
Al \ n—1
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the system (1.3) is the Chaplygin system of equations for the plane motion
of a gas. For this case the functions ¢1 = ¢ and wl =t/ will be the velo-
city potential and the stream function, o= x and Yy =y the Cartesian
coordinates of the plane of flow, € the angle at which the velocity vector
is inclined to the xz-axis, A the magnitude of the relative velocity, and
K2 = (k + 1)/(k ~ 1). With (1.6)

S A D SR /12 \Uzda ~
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and the upper signs must be placed in front of V—E-in formulas (1.3) and
(1.5). 'The canonical form of the Chaplygin equations is convenient for
investigation and was first widely used in the work of Khristianovich
[4,5.6]. With a given function Vv K (o) system (1.3) can be obtained with
various functions P and Q1 In fact with a given function d K formulas
(1.5) represent a system of equations with respect to P and ()1 Eliminat-
ing one of the unknown functions, we obtain a linear differential equa-
tion of second order with respect to the other unknown function. There-
fore, in general form functions P1 and 01 will depend 92_2!0 arbitrary
constants which do not enter into the expression for \/ K(o).

We will now present a way of obtaining from the system of equations
(1.3) analogous equations with new arbitrary constants contained in their
coefficients. We pass from the functions ¢, i, to the functions @, ¥
with the help of the Legendre transformations:
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G):xlg%-f-y]%g‘:h%, ‘1’23?12—,4::4-91%’ 1 (1.8)
We have
=@, = — ‘Y“ , n=_0, = ‘Fr, (1.9)
where

uy =Pl (Mcosy, o =P7 (N)sind, r=Qr'@Mecosy =07 (A)sins (1.10)

If in system (1.9) we pass from the variables Uy, vy, Ty, oty to the
independent variables 6, A and then further reduce to canonical form, we
finally obtain

2
o¥ L v oD - Py 1.11
35 = Fa®) 55, ; g=:l:xl(7\)(ﬁ(X1(7~)=VK1Q—f (4

The functions Plck), Ql(h) are a particular solution of the system of
equations
Py QG MQ M\ P () Q) ()
“’% <_‘ ny =X ()‘)- 2n * =c’? ()‘) (112)
Qs \ P3Py (N Py (M)Qy (V)

where P2‘ and Qz' are the unknown functions, The system (1.12) is trans-
formed to the form

dg,* dp,* _ .
o =t et=dngs (=T et =) (1.13)

Hence

d2p,* d d ., ¥
e+ i =m0 (114

Employing the Liouville formula to calculate the general solution of
equation (1,14) and taking (1.13) into account, we obtain

a Ql2
e, 52
D2 p1(1 4 ary) 1 6]/7-{—; g

¢:* == q1 (1 & a1P10Quo — arJz), Jo = \ VK, %o (1.15)

S Q

where P10 and Qio are the values of P1 and Q1 with ¢ = O(A = 1), and a
is a constant of integration. The functions 92‘ and qz‘ are calculated to
within an arbitrary constant factor which does not affect the generality
of the investigation, By an inverse transformation from the functions ®,
¥ to the functions ¢E' ¢% according to the formulas
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o oM o o
Pa = u2*6_u2—*+ 1)2* 5;27-—-(')’ (l}z:l‘z*arT-'l-tz*atT.'—‘Y (1.16)
where
*=pt(A)cosd,  w*--p*(N)sind,  m*=g* (M) eosd,  tF=g*(AN)sind  (1.47)

we arrive at the system of equations
dpe 0

)
et W:rVK2 (1.18)
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where

— Q:* (M) Qz*' (RN = 14 a/, 2
VK = </ () ¥ 7\)} =V \1 4+ aLP10Q10~(11]2) (1.19)
The function v/ K2 may contain two more arbitrary constants than VFR;.
The second essential constant <y is contained in functions P1 and Q1
if they are computed with the general solution of system (1.5) for a given
function V K, (0).

Increasing by one the indices in (1.1) and (1.5), we obtain formulas
for computing the plane %, Y, which corresponds to system (1.18), and
we also obtain a system of equations for functions P2 and Qz' which are
computed from their particular solutions P2 = P2‘, 02 = Qz‘. To within
an arbitrary constant factor we obtain

\

a G
.

Py = Py* (1 + C:S g*—d ) Q: = (1:}:021)20*(120*‘—028 L1p*do } (1.20)
0 0

where pzo‘ and qzo’ are the values of pz' and qz‘ with ¢ = 0, and <, is
a constant of integration, This method of acquiring constants can be
continued farther, Increasing the indices in (1.19) by one, we obtain a
formula for V K,, etc. The function V K will already contain four arbi-
trary constants more than VF__. Supp051ng the initial system (1.3)
sufficiently simple for solution, by selecting 2(n — 1) arbitrary con-
stants we can try to make V_R; approximate the v K of adiabatic gas flow.
The dependence between ¢, i and ¢1, ¢1 will be apparent if we find them

for n= 2,

We will denote
DO, = — ‘l"lz. == ¥, vaz. = ‘{’n. = y* (1.21)

Uz

Taking into account formulas (1.16), (1.13), (1.10), (1.9) and (1.5),
after simple calculations we obtain
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pPy* Q2* Q2 Py
To* = (l sinZ 9 4 00 cos® S)zl + (0 -7 ) sin 9 cos Sy
Qz* I) * (P * Q *
* [ S _ 2 x° 2
Yz (Q1 Py )sm\‘}cos\‘}xl + cos® & + 0 sin S)y. (1.22)

From formulas (1.8), (1.16), (1.21) and (1.22) it follows that

Q* 1 .
9= +{gps— l)(cosewn -+ sin 9y)
,)2*

1
$p == gy + (P1Q S0 ) {cos 8y, — sin 8x,) {(1.23)

Increasing by one the indices in (1.23), we obtain formulas for func-
tions ¢5' ¢5, etc. Functions PB" Q3* are calculated according to form-
ulas analogous to (1.15). On the basis of formulas (1.23) and (1.1) we
conclude that function ¢é preserves a series of important properties of
the initial flow.. For instance, if ¢i has a singularity which represents
an undisturbed translational flow at infinity, then ¢§ also contains this
singularity. At the transition line the condition of continuity of the
subsonic flow into the supersonic domain is also preserved [5,71. For
P,%y= Pi' Q,* = Q,, system (1.18) coincides with system (1.3). On the
basis of' (1.23), é& = ¢1 in this case.

We note that coinciding systems of equations are also obtained in ana-
logous circumstances by Peres, but that every concrete solution ¢ varies
according to the formula ¢ ¢' + 32¢ /0 62 . Consequently, the trans-
formations used in [1,2] do not preserve such important properties of
the initial flow as, for instance, continuity of the subsonic flow into
the supersonic domain [7].

2. Application of the method. Calculation of nozzles. We will apply
the method to gas flows with transition through sonic velocity. In the
initial system (1.3) we assume

s =sA), VE =4As"=— <%)/ At (4<0) (2.1)

The variable n = (- 3/2 S)Z/3 takes positive values in the elliptic
region and negative values in the hyperbolic region. With (2.1) we obtain
for P1 and 01 the Airy equation

dpP
o = 2.2)
We have

Pi=ck@m+el (@), Q=T ()" Ak @)+ el @) (2.3)

where k(p) and l(7) are linearly independent solutions of equation (2.2),
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represented by the following series which are convergent for all values
of np :

7?® n® 5 7t 7
k () = 1.0899 (1+m+m+.“} 70.7946<n+m+m +...>(2.4)

B S S A S
i (n) = 0.6293 1+2.3+(2.5)(3‘6) +‘”/’—0'458I 7]+3.4+W+,..

Tables of these functions have been computed by Fok [8 ]. With (2.1
the system (1.3) is the principal part of the Chaplygin system of equa-
tions in the neighborhood of A = 1, if

w42

/w41 _.:1
A= A= _‘31/‘ k"t_—z“) 3(x—1)

and if the upper signs are taken in front of v/ K.
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In Fig., 1 curve (1) depicts with k = 1.4 the function

VE (2yh VE
f== v =T 2 Agn' [ 2.5

whose deviation from unity is an indication of the site of the transenic
range of variation of n in which solutions of the system (1.3) with (2. 1)
and A = Ao can represent real flows., Curve (2) shows the dependence of

A on 7. But in many problems such as, for instance, the calculation of
nozzles we have larger intervals of velocity variation.

For a more precise approximation to v K we shall here confine ourselves
to the function Ké. When the condition

A = Ay (1 Har1P1eCQre)® (2.6)
is satisfied, the function

* =

w.( 3 YA VK, @

T Ao-n'/z

equals unity at the point n = 0. With values of ¢, = 0, ¢, = 1 and



On the theory of plane gas flows 293

(2/3)1/3a A=~ 1.5 curve (3) of function f is close to the exact curve
over a 1arge interval of variation of g (Fig. 1). From (2.6) we find that
A = - 0.7773. We now note that with ¢, = 0 the positive functions P, and

01 vary oppositely from the functions of the real flow. Therefore, in the
case under consideration, all the formulas in Section 1 are taken with
the lower signs. Thus, the functions P and Q satisfy a system of equa~-
tions of type (1.5) with a plus sign in front of V'K , whereas the func-
tions P and Q of an adiabatic gas flow satisfy an analogous system of
equations with a minus sign in froat of V,__ From the proximity of'J Ké
to V K it follows that the functions P and Q of the system of equations
Qe o VYRR, Q= VEE (2.8)

can always be chosen close to the functions P and Q. For this it is
sufficient to require that P and Q be coincident with the exact values
for some A within the interval where V K, is approximately equal to V K.
In accordance with the particular solutlons P2 = P2 . Q2 = - Qz‘ we cal-
culate the general solution

*2

8
Py~ bng*( 14 b2§ ‘-’;l

S y1pa*ids ) 2.9)
0

With values of the constants & = 1,589 and 62-— 0.9702, functions P
and Q coincide with the exact values at the point A = 1, In Fig, 1 curves
(4) and (5) represent functions P/P and Q/Q The system of equations of
the form (1.18) with the upper signs in front of vri_ corresponds to
formulas (2.8). We have ¢‘ = — ¢, and ¢; ,, where ¢' and ¢_ are the
velocity potential and stream function of the approximation to adiabatic
flow achieved. Taking into account that in formulas of type (1.1) with
index 2 for the case P2 = Pz‘, Q2 = (b‘ we have z, = x,* and y, = yz‘.
for the calculation of the plane of the gas flow we obtain the following
formulas:

ds ) , Qp = — bQu* (1 + bapao*qao* — by

P
dx,,x(%';siﬁs P*cos 8) day* -——smScoss»(P*—i-Q \dyg

P
dyy == — (P ¥+ 8* ) sin 9 cos $dao* - <QQ; cos*% — Pz—’f,(sin2 8 ) dy.* (2 10)

We consider the flow velocity A. From the proximity of Vrf; tO‘v~E-it
follows that the results are not essentially changed if the system of
equations with respect to ¢_ and ¢z is considered to be exact for a
fictitious gas and if, in accordance with this interpretation, the magni-
tude of the velocity is determined according to the formula P’"l(k).

For calculating nozzles from initial data we will take the following
solutions of system (1.3) with (2.1), found by PFal’kovich:
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b= a (8, )+ d1f (8, m) (2.11)
a (9, ) =— (/)" {0+ VEF T + (0 —V FF o) ) (2.12)
27]03 \\i/. /4 7 4ne®n3
s = () P e M= ) X
61]03/’ 3

X ArCU g, 5 (2.13)

where F(a, b, ¢, z) is the hypergeometric function and d1 is an arbitrary
constant [ 9,10 ]. Solution (2.11) realizes a family of nozzles whose up-
stream flow due to the function 3 (0, 7) tends to the uniform subsonic
velocity with corresponding magnitude Noe With n < 0 the argument of the
function F is larger than unity. According to the formula for the analytic
continuation of the hypergeometric series [11 ], it follows that for n<0

. 2n° Ve ' (}/s) ( 1 7 2 4no’n®
0. = (i) {P(ll/lz)r(5/12)p B e )
2T (— Yo men [, 9 =% /5 1 a dne®® |
—_— 3 —_— 92 = e Y A S—
=TT (P T F (R 53 e o)) ¢
. (_ﬁzz.o"'s_) 214
X AT\ 07 — o + 9748 (2.14)

The function @ (8, ) in the neighborhood of n = 0 is the principal
part of the solution (2.11) which guarantees that the continuity condi-
tion is satisfied [7].

By x4, ¥ 5 ¢21 we denote the magnitudes of x , y , ¢z which corres-
pond to the initial solution (2.12). Let X 00 Y, 00 ¢&2 correspond to
function (2.13). For greater diversity in the choice of nozzle forms we

will add the solution
bes =9 (2,15}
We have
Ze3 = Qu (M) €053 —Qu (0),  yus = Qy (n)sin d (2.16)
Thus, the family of nozzles
Do = Qp1 + ez + dobas, Ta = To1 + di%pe +d2T08, Y = Yo1 + DYz +dayes  (2.17)
is calculated according to the above formulas and they depend on two

arbitrary constants dl and dz' We have computed these functions in the
variables a, . Solving (2.12) with respect to 8, we obtain

as
9= —ne—5 (2.18)

All the necessary integrations are carried out initially for n along
the axis of symmetry (0 = 0), and then along a line n = const. The point
0 = 0, n = 0 corresponds to the origin of the coordinates =Y T
0(i =1, 2, 3).
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Functions ¢.i‘ x oY (i =1, 2, 3) have been tabulated for a series
* L]
of subsonic values of n in the interval of variation of a from zero to
unity, and can be obtained from the author.

The coordinates of the nozzle wall ¢ = const are determined on each
-
line n = const by integrating with respect to a. Fig. 2 shows a nozzle
with d1 = d2 = 0 and ¢/ 1= 0.388,
»

It is possible to use the given nozzle form to determine the outflow
from a container of gas with transition through sonic velocity. The walls
of the nozzle can be computed up to a smooth junction with the walls of
the container.

For nozzles with subsonic translational flow at infinity the magnitude
of the half-width on the basis of formulas (1.23) and (2.13) cannot be
larger than
d 14 (711) 0% (Tl(-) -

2 PR () grin)

Fig. 3 shows a nozzle with d, = 1/2, d, = 0 and 7, = 21. Because of
the effect of the function ¢.2 the transonic section of the nozzle will

2
| 14 A
‘!\%\\ Py d’=y2, nga
12
/ e [ 1]
S ~9 ] 06
jl y- 0366 ~L22yq
o
-5 B =3 -2 / 7

Fig. 3.

be less steep than that obtained with d1 = d2 = 0, By an appropriate choice
of dz the effect of the second term d1¢‘2 can be cancelled in the neighbor-
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hood of n = 0.

According to [ 7 ] satisfaction of the continuity condition guarantees
the potential nature of the supersonic flow only up to the characteristic
which is tangent to the axis of symmetry of the transition (Fig. 4).

Since the calculation of the supersonic part of the nozzle is more con-
veniently carried out from the characteristic, and since nozzles with
steep walls are of interest to us, we may expect that on the character-
istic of the second family cd we are already sufficiently far from sonic
velocity to use the well-known approximate solutions of the fundamental
boundary value problems of supersonic gas flow {12, 13]. The flow in the
region ocd will be potential if the Jacobian

D (90, ) ,

J D(®, Ay 7

for all points of this region. In the independent variables 6, 7 proof of
the potential nature of the flow is reduced to verification of the in-
equality

A 1 0y
39 F & V—y

(2.19)

the validity of which can be demonstrated.

The transonic part of the nozzle can be calculated approximately by
the formulas
PN (da) J_(dm .
= 34, + M Ja=0 (n—mny) + 5 \d? oo (%, — M)
(2.20)

. . dy* . . 1 7 day* . v, Ay .- s
Y=y + g 'n—o(x -z l))‘FT‘,\ dx*e 'n=0(x — %) + 5 \aze n—o(x —2%)

where 60, xo‘, yo‘ are the values of the quantities on the line » = 0 and
the derivatives are taken along a streamline,

Along 1y *= const we have
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d9 oP* | oY* d28  29%pdten  Wran FEdas -
T =" | a5 (2.21)

a9 dnt T Q¥ T d*y T . 9%
With the help of formulas (2.3), (2.12), etc. it is not difficult to
compute all the necessary quantities. For instance,

( ii_yi‘_> q ( dy* 1.5% )
\dz* Jaeo b %, dx*: )71-0 T os 9e(4%, ) (2.22)
ay* , A 1.5%a; Q1 (0) _
oY )
(\ i() )n-f\: (1— a1 P (0)Q1 (0)) (“;51‘)"_0-!-01 Py (0)(sindy, +cosdry) neo (2.23)

2
(COS ‘()yl — sinle) =0 = ___3‘/an (O) 801/. + ‘(d2~ 6270 1 (1/3) )d1>‘qn+ ()(.305/’)

e DV )b (3he

. un
3 (2.24)
. ey, 350,00
(sindy; + cos o), o™ — _7/1_30 fa __/l‘_ -9, /s +0(9,3)
((74), \ N 62" 1"(1/3)d,
— = — (¢ — L d, -1-
99 yneg ™ — (300) o T D) T 0 (56
20 {2.25)
1Y iy o e (%
( o Jay = 38— SELC A o5
T(Mi2) V() ng
Along the characteristic oc we have
d=2 (=) (2.26)

Solving the system of equations (2.26) and (2.20), we find the values
of 0 = 0c and n = n _ at point c. Along the characteristic cd we have
9+ 2 (== Sot 2~ m. ) (2.27)

We compute the coordinates .0, along cd by formulas (2.10), (1.22)
and (1.1). The values of X, ¥y which correspond to the function (2.12)

in the variables n, a are equal to

\1/,

. « a3 a . 2\
xy (@, 7) = 21(0, M) — (%,' APy(m) § cos (nz + 5 ada + Qu(n) Ssm<n1 + %)da
‘ 0 0

o\ % 3 * 3
yi{a, ) = (—;—) APy ("I)‘\ sin("la +%) ada + Qi () S cos (na +-?3—>da (2.28)
0 ' 0

The solution (2.12) is not unique in the region aodc. For the regions
obc and ocd we have respectively
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ZV,Q

s . 7 V_Z
‘h=a1=(%0 @'%ﬂ%'ﬁwa%“mt" )fV&smK“‘“b% ﬁ)

ZVvi) V3 sin| H‘MF@__—;y
¢ \ v /

s '
b =dp = (/-:;-) (E 4w {coq( ; arctg
\

where
2%=2(— 77—, =2 (— 7"+ 8 (2.30)

Onv =20 and £ = 0 the arc tg is equal to 7 and 0, respectively, and
on od it equals 1/2 n.

In concluding this paper we note that we have applied the method we
have presented to constructing nozzles with a straight transition line.
For instance, if the exact solution of the problem of the outflow of gas
from a Borda mouthpiece contained in [ 14 ] is constructed with our function
&1¢22' then we obtain a nozzle with a straight transition line in the
case of uniform translational flow at infinity upstream,
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